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Introduction
The time series can be seen from an aplitude-time domain or an amplitude-frequency domain.

The amplitude-frecuency domain are used to analyze properties of filters used to decompose a
time series into a trend, seasonal and irregular component investigating the gain function to
examine the effect of a filter at a given frequency on the amplitude of a cycle for a particular
time series. The ability to decompose data series into different frequencies for separate analysis
and later recomposition is the first fundamental concept in the use of spectral techniques in
forecasting, such as regression espectrum band, have had little development in econometric work.
The low diffusion of this technique has been associated with the computing difficulties caused the
need to work with complex numbers, and inverse Fourier transform in order to convert everything
back into real terms. But the problems from the use of the complex Fourier transform may be
circumvented by carrying out the Fourier transform of the data in real terms, pre-multiplied the
time series by the orthogonal matrix Z whose elements are defined in Harvey (1978).

The spectral analysis commences with the assumption that any series can be transformed
into a set of sine and cosine waves, and can be used to both identify and quantify apparently
nonperiodic short and long cycle processes (first section). In Band spectrum regression (second
section) , is a brief summary of the regression of the frequency domain (Engle, 1974) The appli-
cation of spectral analysis to data containing both seasonal (high frequency) and non-seasonal
(low frequency) components may produce adventages, since these different frequencies can be
modelled separately and then may be re-combined to produce fitted values. Durbin (1967 and
1969) desing a technique for studying the general nature of the serial dependence in a satacio-
nary time series, that can be use to statistic contraste in This type of exercises (third section).
The time-varying regression, or the regression whit the vector of parameters time.varying can be
understood in this context (four section). To explain this technique is used a regression analisys
with the final energy consumption power (TEP) and the GDP in millions at constant euros in
Spain for 1992 to 2007.

Spectral analysis
Nerlove (1964) and Granger (1969) were the two foremost researchers on the application of

spectral techniques to economic time series.
The use of spectral analysis requires a change of focus from an amplitude-time domain to an

amplitude-frequency domain. Thus spectral analysis commences with the assumption that any
series, Xt, can be transformed into a set of sine and cosine waves such as:

Xt = η +

N∑
j=1

[aj cos(2π
ft

n
) + bj sin(2π

ft

n
)] (1)

where η is the mean of the series, aj and bj are the amplitude, f is the frequency over a span
of n observations, t is a time index ranging from 1 to N where N is the number of periods for
which we have observations, the fraction (ft/n) for different values of t converts the discrete time
scale of time series into a proportion of 2 and j ranges from 1 to n where n= N/2. The highest
observable frequency in the series is n/N (i.e., 0.5 cycles per time interval). High frequency
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dynamics (large f) are akin to short cycle processes while low frequency dynamics (small f) may
be likened to long cycle processes. If we let ft

n = w then equation (1) can be re-written more
compactly as:

Xt = η +

N∑
j=1

[aj cos(ωj) + bj sin(ωj)] (2)

Spectral analysis can be used to both identify and quantify apparently nonperiodic short
and long cycle processes. A given series Xt may contain many cycles of different frequencies
and amplitudes and such combinations of frequencies and amplitudes may yield cyclical patterns
which appear non-periodic with irregular amplitude. In fact, in such a time series it is clear from
equation (2) that each observation can be broken down into component parts of different length
cycles which, when added together (along with an error term), comprise the observation (Wilson
and Perry, 2004).

The overall effect of the Fourier analysis of N observation to a time date is to partition the
variability of the series into components at frequencies 2π

N , 4π
N ,...,π.The component at frequency

ωp = 2πp
N if called the pth harmonic. For p 6= N

2 , the equivalent form to write the pth harmonic
are:

apcosωpt+ bpsinωpt = Rpcos(ωpt+ φp)

.
where Rp = ap + bp and φp = tan−1(

−bp
ap

)

The plot of I(ω) =
NR2

p

4π against ω is called the periodogram of time data. Trend will produce
a peak at zero frequency, while seasonal variations produces peaks at the seasonal frquency and
at integer multiples of the sesaonal frequency. Then, when a periodogram has a large peak at
some frequency ω then related peaks may occurr at 2ω, 3ω,....(Chaftiel, C,2004)

Band spectrum regression
Hannan (1963) first proposed regression analysis in the frequency domain,later examining the

use of this technique in estimating distributed lag models (Hannan, 1965, 1967). Engle (1974)
demonstrated that regression in the frequency domain has certain advantages over regression in
the time domain. Consider the linear regression model

y = Xβ + u (3)

where X is an n x k matrix of fixed observations on the independent variables, β is a k x I vector
of parameters, y is an n x 1 vector of observations on the dependent variable, and u is an n x I
vector of disturbance terms each with zero mean and constant variance, σ2.

The model may be expressed in terms of frequencies by applying a finite Fourier transform
to the dependent and independent variables.For Harvey (1978) there are a number of reasons
for doing this. One is to permit the application of the technique known as ’band spectrum
regression’, in which regression is carried out in the frequency domain with certain wavelengths
omitted. Another reason for interest in spectral regression is that if the disturbances in (3) are
serially correlated, being generated by any stationary stochastic process, then regression in the
frequency domain will yield an asymptotically efficient estimator of β.

Engle (1974) compute the full spectrum regression with he complex finite Fourier transform
based on the n x n matrix W , in which element (t, s) is given by

wts = 1√
n
eiλts , s = 0, 1, ..., n− 1

where λt = 2π tn , t=0,1,...,n-1, and i =
√
−1.
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Pre-multiplying the observations in observations in (3) by W yields

ẏ = Ẋβ + u̇ (4)

where ẏ = Wy,Ẋ = WX, and u̇ = Wu.
If the disturbance vector in (4) obeys the classical assumptions, viz. E[u] = 0 and E[uu′] =

σ2In. then the transformed disturbance vector, u̇, will have identical properties. This follows
because the matrix W is unitary, i.e., WWT = I, where WT is the transpose of the complex
conjugate of W. Furthermore the observations in (4) contain precisely the same amount of
information as the untransformed observations in (3).

Application of OLS to (4) yields, in view of the properties of u̇, the best linear unbiased
estimator (BLUE) of β. This estimator is identical to the OLS estimator in (3), a result which
follows directly on taking account of the unitary property of W . When the relationship implied
by (4) is only assumed to hold for certain frequencies, band spectrum regression is appropriate,
and this may be carried out by omitting the observations in (4) corresponding to the remaining
frequencies. Since the variables in (4) are complex, however, Engle (1974) suggests an inverse
Fourier transform in order to convert everything back into real terms (Harvey,1974).

The problems which arise from the use of the complex Fourier transform may be circumvented
by carrying out the Fourier transform of the data in real terms. In order to do this the observations
in (3) are pre-multiplied by the orthogonal matrix Z whose elements are defined as follows
(Harvey,1978):

zts =



(
1
n

)−1
2 t = 1(

2
n

) 1
2 cos

[
πt(s−1)

n

]
t = 2, 4, 6, ..(n− 2) or (n− 1)(

2
n

) 1
2 sin

[
π(t−1)(s−1)

T

]
t = 3, 5, 7, .., (n− 1) or n

n
−1
2 (−1)s+1 t = n if n is even , s = 1, ...n,

The resulting frequency domain regression model is:

y∗∗ = X∗∗β + v (5)

where y∗∗ = Zy,X∗∗ = ZX and v = Zu.
In view of the orthogonality of Z, E[vv′] = σ2In when E[uu′] = σ2In and the application of

OLS to (5) gives the BLUE of β.
Since all the elements of y** and X** are real, model may be treated by a standard regression

package. If band spectrum regression is to be carried out, the number of rows in y** and X**
is reduced accordingly, and so no problems arise from the use of an inappropriate number of
degrees of freedom.

Test based on residuals from frequency domain regresion
Durbin (1967 and 1969) desing a technique for studying the general nature of the serial

dependence in a satacionary time series.
Suppose β̂ is an estimator of β. The n x 1 vector of residuals is then defined by

û = y −Xβ̂

Similarly the n x 1 vector of residuals in the transformed model, (7), is given by

v̂ = y∗∗ −X∗∗β̂ = Z(y −Xβ̂) = Zû

Id pj denotes the ordinate of the periodogram de û at frequency λj = 2πj/n, and v̂j denote
the j-th element of v̂, then
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pj = v̂22j + v̂22j+1

j = 1, ...n2 − 1 to n even, and j = 1, ...n−12 to n odd,

pj = v̂22j

j = n
2 − 1 n even

p0 = v̂21

Thus the squares of the elements in v̂ may be used to form a consistent estimator of the
power spectrum of û by a suitable averaging process. Furthermore, if β̂ is a consistent estimator
of β, then this will also be a consistent estimator of the power spectrum of the true disturbances
in the model (Harvey, 1974).

As regards test statistics, if β̂ is the OLS estimator of β then the elements of v̂ may be used
directly in Durbin’s cumulative periodogram test. This test is based on the quantities

sj =

∑j
r=1 pr∑m
r=1 pr

where m = 1
2n for n even and 1

2 (n−1) for n odd.The procedure is a bounds test and upper and
lower critical values may be constructed using the tables provided in Durbin (1969). Note that
po does not enter into the test statistic as po does not enter in to test statitstic as po = v̂1 = 0.

Example: Regression band spectrum between the final energy consumption power
(TEP) and the GDP in millions at constantf euros in Spain

The Table 1 shows the final energy consumption power (TEP) and the GDP in millions at
constant euros in Spain for 1992 to 2007.

Table 1 Series in time domain
Spain
Final Energy Consumption Power (TEP) (y) GDP (Meuros). Base year: 2000 (x)

1993 11237 479583,3
1994 11777 491011,6
1995 12116 515405
1996 12655 527862,4
1997 13672 548283,8
1998 14202 572782
1999 15241 599965,8
2000 16205 630263
2001 17279 653255
2002 17759 670920,4
2003 18916 691694,7
2004 19834 714291,2
2005 20827 740108
2006 22052 769850,2
2007 22548 797366,8
2008 22817 804223,1

EUROSTAT
These series are transformed into the amplitude-frequency domain in table 2.
Table 2.- Series in frequency domain
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t y x Cte
1,0 67284,3 2551716,6 4,0
2,0 -1712,9 -56628,0 0,0
3,0 -12669,5 -334386,6 0,0
4,0 -2161,6 -52088,4 0,0
5,0 -5701,7 -160515,7 0,0
6,0 -2396,9 -70960,2 0,0
7,0 -3077,4 -89303,8 0,0
8,0 -2052,7 -64771,8 0,0
9,0 -2022,7 -60837,9 0,0

10,0 -2129,0 -62399,9 0,0
11,0 -1083,2 -38098,7 0,0
12,0 -2069,1 -57904,5 0,0
13,0 -923,8 -26000,7 0,0
14,0 -2306,0 -55620,8 0,0
15,0 -556,6 -11901,1 0,0
16,0 -1366,3 -38885,4 0,0

In view of the periodograms of both series, it seems obvious that dominate the low frequencies
(figure 1 and figure 2).

The estimate OLS parameters with the series in the amplitude-frequency domain are shown
in Table 3 , note that the constant vector of each n size in frequency domain corresponds to a
vector of size n , where 4 is the first value followed by n− 1 zeros.
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Tabla 3.- OLS estimation of the series in the frequency domain

Modelol 1: estimations OLS usando las 16 observaciones 1–16
Variable dependiente: Y

Variable Coeficiente Desv. tica Estadtico t valor p

X 0,0367907 0,000579055 63,5357 0,0000
C -6648,7 374,426 -17,7572 0,0000

Media de la var. dependiente 1565,94
D.T. de la variable dependiente 17758,4
Suma de cuadrados de los residuos 838060,
Desviacipica de los residuos (σ̂) 244,666
R2 0,999824
R̄2 corregido 0,999812
F (2, 14) 39832,1
Log-verosimilitud -109,63
Criterio de informaci Akaike 223,266
Criterio de informaciyesiano de Schwarz 224,811
Criterio de Hannan–Quinn 223,345

To make a regression spectrum band to frequencies for both period 16 and 8, premultiply the
dependent and independent variables by the following matrix A:

A =



1 0 0 0 0 . 0 0
0 1 0 0 0 . 0 0
0 0 1 0 0 . 0 0
0 0 0 1 0 . 0 0
0 0 0 0 0 . 0 0
. . . . . . . .
0 0 0 0 0 . 0 0


The parameters OLS for the regression corresponding to these frequencies could be estimated

in conventional programs, but the degrees of freedom are now n′ − k = 3.
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Table 4.- Regression band spectrum to frequencies to 16 and 8 period

Modelo 2: estimaciones MCO utilizando las 5 observaciones 1–5
Variable dependiente: Y

Variable Coeficiente Desv. tica Estadistico t valor p

X 0,0373611 0,000871605 42,8647 0,0000
C -7012,6 562,116 -12,4755 0,0011

Media de la var. dependiente 9007,73
D.T. de la variable dependiente 32871,4
Suma de cuadrados de los residuos 327048,
Desviacipica de los residuos (σ̂) 330,176
R2 0,999931
R̄2 corregido 0,999908
F (2, 3) 21682,5
Log-verosimilitud -34,815
Criterio de informaci Akaike 73,6315
Criterio de informaciyesiano de Schwarz 72,8504
Criterio de Hannan–Quinn 71,5351

Amplitude domain-frequency regression
Consider now the linear regression model

yt = βtxt + ut (6)

where xt is an n x 1 vector of fixed observations on the independent variable, βt is a n x 1 vector
of parameters,y is an n x 1 vector of observations on the dependent variable, and ut is an n x 1
vector de errores distribuidos con media cero y varianza constante.

Whit the assumption that any series, yt,xt,βt and ut, can be transformed into a set of sine
and cosine waves such as:

yt = ηy +

N∑
j=1

[ayj cos(ωj) + byj sin(ωj)

xt = ηx +

N∑
j=1

[ayj cos(ωj) + byj sin(ωj)]

βt = ηβ +

N∑
j=1

[aβj cos(ωj) + bβj sin(ωj)]

Pre-multiplying (6) by Z:

ẏ = ẋβ̇ + u̇

where ẏ = Zy,ẋ = Zx, β̇ = Zβ y u̇ = Zu
The system (8) can be rewritten as (see appendix):

ẏ = ZxtInZ
T β̇ + ZInZ

T u̇

(9)
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If we call ė = ZInZ
T u̇, It can be found the β̇ that minimize the sum of squared errors

ET = ZT ė.
Once you have found the solution to this optimization, the series would be transformed into

the time domain for the system (8).
Example: Regression band spectrum between the final energy consumption power

(TEP) and the GDP in millions at constantf euros in Spain
The Table 5 contains data in the frequency domain corresponding to the system (6). Using

the Excel Solver macro can be found the minimal parametres of (6), the results in the time
domain are shown in Table 6.

Tabla 5
β̇ α̇ ẏ ẋ WxtInW

T WInW
T u̇

0,14536188 -25521,3273 67284 2551717 92780 -25521 25
0,00047209 0 -1713 -56628 -1751 0 38

-0,00074059 0 -12669 -334387 -12663 0 -7
-0,00043533 0 -2162 -52088 -2211 0 50
0,00028109 0 -5702 -160516 -5683 0 -18

0 0 -2397 -70960 -2578 0 181
0 0 -3077 -89304 -3237 0 159
0 0 -2053 -64772 -2357 0 304
0 0 -2023 -60838 -2206 0 183
0 0 -2129 -62400 -2269 0 140
0 0 -1083 -38099 -1384 0 301
0 0 -2069 -57905 -2105 0 36
0 0 -924 -26001 -944 0 20
0 0 -2306 -55621 -2023 0 -283
0 0 -557 -11901 -433 0 -124
0 0 -1366 -38885 -1414 0 48

Tabla 6
βt alpha yt xt ŷt et

0,03635347 -6380,33183 11237 479583 11054 183
0,03635591 -6380,33183 11777 491012 11471 306
0,03637272 -6380,33183 12116 515405 12366 -250
0,03634154 -6380,33183 12655 527862 12803 -148
0,03623254 -6380,33183 13672 548284 13485 187
0,03607325 -6380,33183 14202 572782 14282 -80
0,03593792 -6380,33183 15241 599966 15181 60
0,03590696 -6380,33183 16205 630263 16250 -45
0,03601965 -6380,33183 17279 653255 17150 129
0,03624791 -6380,33183 17759 670920 17939 -180
0,03650697 -6380,33183 18916 691695 18871 45
0,03669761 -6380,33183 19834 714291 19832 2
0,03675622 -6380,33183 20827 740108 20823 4
0,03668481 -6380,33183 22052 769850 21861 191
0,03654426 -6380,33183 22548 797367 22759 -211
0,03641577 -6380,33183 22817 804223 22906 -89

A solution to the above optimization can be obtained using ordinary least squares, based on
the X matrix of explanatory variables whose first column would be the vector of size T (1, 0, 0, ...),
the second column would be the first row of the Θẋẋ matrix, and the following columns, are the
rows Θẋẋ corresponding to the frequencies of sinus and cosines we want to use.
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The coefficients of the OLS solution

β̇ = (X ′X)−1X ′ẏ

are (Table 7): β̇0 the associated constant, β̇1 the slope associated, β̇2... the frequencies associated
with sines and cosines.

Tabla 7
alpha βt ŷt et

-5180,28727 0,03435348 11295 -58,07
-5180,28727 0,03410096 11564 213,32
-5180,28727 0,03397314 12330 -213,64
-5180,28727 0,03394976 12741 -85,52
-5180,28727 0,03397396 13447 224,92
-5180,28727 0,03399631 14292 -90,19
-5180,28727 0,03400917 15224 16,95
-5180,28727 0,0340503 16280 -75,36
-5180,28727 0,03417387 17144 135,03
-5180,28727 0,03440679 17904 -144,93
-5180,28727 0,03471786 18834 82,13
-5180,28727 0,03501998 19834 -0,18
-5180,28727 0,03520675 20877 -49,51
-5180,28727 0,03520399 21922 130,49
-5180,28727 0,03500789 22734 -185,84
-5180,28727 0,03468801 22717 100,39

Seasonal Decomposition by the Fourier Coefficients
The amplitude domain-frequency regression method could be use to decompose a time series

into seasonal, trend and irregular components of a time serie yt of frequency b or number of
times in each unit time interval. For example, one could use a value of 7 for frequency when the
data are sampled daily, and the natural time period is a week, or 4 and 12 when the data are
sampled quarterly and monthly and the natural time period is a year.

If the observation are teken at equal interval of length, 4t, then the angular frequency is
ω = fracπ4t. The equivalent frequency expressed in cycles per unit time is f = ω

2π = 1
2 4 t.

Whit only one observation per year, ω = π radians per year or f = 1
2 cycle per year (1 cicle per

two years), variation whit a wavelength of one year has fequency ω = 2π radians per year or
f = 1 cicle per year.

For example, in a monthly time serie of N = 100 observation, the seasonal cycles or the
wavelenghth of one year has frequency f = 100

12 = 8, 33 cycles for 100 dates. If the time serie are
8 full year, the less seasonal frequency are 1 cycle for year, or 8 cycle for 96 observation. The
integer multiplies are 2N12 ,3N12 ...., and wavelenghth low of one year has frequency are f < N

12 .
We can use (9) to estimate the fourier coefficient in time serie yt:

ẏ = ZtInZ
T β̇ + ZInZ

T u̇

(10)
being t = (1, 1, ...,1)N or t = (1, 2, 3, ..., N)N .
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If t = (1, 1, 1, ...,1)N ,

A = ZtInZ
T =



1 0 0 0 0 . 0 0
0 1 0 0 0 . 0 0
0 0 1 0 0 . 0 0
0 0 0 1 0 . 0 0
0 0 0 0 1 . 0 0
. . . . . . . .
0 0 0 0 0 . 0 1


Then

A =



1 0 0 0 0 . 0 0
0 1 0 0 0 . 0 0
0 0 1 0 0 . 0 0
0 0 0 1 0 . 0 0
0 0 0 0 0 . 0 0
. . . . . . . .
0 0 0 0 0 . 0 0


are use in (9) to make the regression band spectrum with the first four coefficient of fourier

of the serie ẏ.
The first2N12 −1 rows the A matrix are used to estimate the fourier coefficients corresponding

to cycles of low frequency, trend cycles, and rows 2N12 and 2N12 +1 are used to estimate the fourier

coefficients of 1 cicle for year. The integer multiplies re the rows 6N12 , 6N12 + 1, 8N12 ...should be
used to obtain the seasonal frequency.

If t = (1, 2, 3, ....N)N , the four first regressor used of model (10) is represented at the figure
3 to figure 6.

Example: descomponse by amplitude domain-frequency regression. IPI base 2009
in Cantabria

The Index Industrial Price of Cantabria is represented in figure 7.
The time serie by trend an seasonal is named TDST . TD is calculate by band spectrum

regresion of the serie yt and the temporal index t, in which regression is carried out in low
amplitude- frequency. The seasonal serie ST result to take away TD to TDST , and the irregular
serie IR result to take away TDST to yt (figure 8). The temporal index t used in the exemple
are the OLS regresito IPI and the trend index t = (1, 2, 3, ....N)N .
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Appendix
The multiplication of two harmonic series of diferent frequency:

[aj cos(ωj) + bj sin(ωj)]x[ai cos(ωi) + bi sin(ωi)] (7)

gives the following sum:

ajai cos(ωj) cos( omegai) + ajbi cos(ωj) sin(ωi)
+aibj sin(ωj) cos(ωi)bi sin(ωi) + bjbi sin(ωj) sin(ωi)

(8)

that using the identity of the products of sines and cosines gives the following results:

ajai+bjbi
2 cos(ωj − ωi) +

bjai−bjai
2 sin(ωj − ωi)

+
ajai−bjbi

2 cos(ωj + ωi) + +
bjai+bjai

2 sin(ωj + ωi)
(9)

The circularity of ω determines that the product of two harmonics series resulting in a new
series in which the Fourier coefficients it’s a linear combination of the Fourier coefficients of the
two harmonics series.

In the following two series:

yt = ηy + ay0 cos(ω0) + by0 sin(ω0) + ay1 cos(ω1) + by1 sin(ω1) + ay2 cos(ω2) + by2 sin(ω2) + ay3 cos(ω3)
xt = ηx + ax0 cos(ω0) + bx0 sin(ω0) + ax1 cos(ω1) + bx1 sin(ω1) + ax2 cos(ω2) + bx2 sin(ω2) + ax3 cos(ω3)

(10)
given a matrix Θẋẋ of size 8x8 :

Θẋẋ = ηxI8+
1
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0 ax0 bx0 ax1 bx1 ax2 bx2 2ax3
2ax0 ax1 bx1 ax0 + ax2 bx0 + bx2 ax1 + 2ax3 bx1 2ax2
2bx0 bx1 −ax1 −bx0 + bx2 ax0 − ax2 −bx1 ax1 − ax3 −2bx2
2ax1 ax0 + ax2 −bx0 + bx2 2ax3 0 ax0 + ax2 bx0 − bx2 2ax1
2bx1 ax0 + bx2 −bx0 − ax2 0 −2ax3 −bx0 + bx2 ax0 − ax2 −2bx1
2ax2 ax1 + 2ax3 −bx1 ax0 + ax2 −bx0 − bx2 ax1 −bx1 2ax0
2bx2 bx1 ax1 − 2ax3 bx0 − bx2 ax0 − ax2 −bx1 −ax1 −2bx0
2ax3 ax2 −bx2 ax1 −bx1 ax0 −bx0 0


Demonstrates that:

ż = Θẋẋẏ (11)

where ẏ = Wy,ẋ = Wx, and ż = Wz.

zt = xtyt = WT ẋWT ẏ = WTWxtW
T ẏ = xtInW

T ẏ

WT ż = xtInW
T ẏ

ż = WTxtInWẏ

It is true that;

xtIn = WTΘẋẋW

and

Θẋẋ = WTxtInW
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Figura 1:

Figura 2:
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Figura 3: First regressor of trend index

Figura 4: Second regressor of trend index

Figura 5: Third regressor of trend index

14



Figura 6: Fourth regressor of trend index

Figura 7: IPI Cantabria
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Figura 8: Trend and Sesasonal component of IPI
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